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Abstrat
Inspired by the bridge pioneered by Guerra among statistial mehanis and analytial
mehanis on 1 + 1 ontinuous Eulidean spae-time, we built a self-onsistent method to
solve for the thermodynamis of mean-eld models, whose order parameters self average.
We show the whole proedure by analyzing in full details the simplest test ase, namely
the Curie-Weiss model. Further we report some appliations also to models whose order
parameters do not self-average, by using the Sherrington-Kirkpatrik spin glass as a guide.
Introdution
Mean eld statistial mehanis of disrete systems is experiening a massive inreasing of in-
terest for several reasons. Born as an innite dimensional limit of a theoretial bakground for
ondensed matter physis, mean eld statistial mehanis beome immediately appealing for its
possibility of being solved (even though this happens exatly for really a few models [14℄), still
retaining several features of more realisti systems with nite dimensionality.
Furthermore, and maybe nowadays, foremost, its range of appliability is ontinuously spread-
ing suh that, so far, it is one of the key tools for the investigation of several models far away
from physis like biologial or soial networks (see for instane, respetively, [12℄[13℄ and [5℄ [15℄):
all systems where the mean eld nature of the desription is not a limitation and whose rigorous
or heuristi analysis was, in past deades, unimaginable.
As a onsequene the need for methods in statistial mehanis is one of the fundamental
enquiries raised to theoretial physiists and mathematiians involved in the eld.
In this paper, inspired by a pioneering work of Franeso Guerra [8℄, we develop an alternative
approah to standard statistial mehanis to solve for the thermodynamis of systems whose
order parameters self-average.
With the aim of presenting the theory also to readers who may not be experts in statistial
mehanis, we apply our sheme to the simplest and most well known Curie-Weiss (CW) model,
whih we solve in full detail, for the sake of simpliity, linking our proedures with general
statistial mehanis models via frequent remarks spread throughout the whole paper.
As the largest interest is payed to omplex systems, after the CW, we analyze the Sherrington-
Kirkpatrik (SK) model, in the replia symmetri regime, subjeted to an external eld.
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Guerra Ation for mean eld spin models
Even though we will be interested in observable's behavior one the thermodynami limit is
taken, let us onsider a large set of N Ising spins σi = ±1, i ∈ (1, ..., N). Let us deal with a
generi mean-eld spin model, desribed by the Hamiltonian
HN (σ) = −
N∑
(i,j)
χijσiσj, (1)
where χij is a two body interation matrix. The main quantity of interest in statistial mehanis
is the innite volume limit of the free energy f(β) = limN→∞ fN (β) = limN→∞−β−1AN (β),
where AN (β) is the pressure and is related to the Hamiltonian via
AN (β) =
1
N
ln
∑
σ
exp(−βHN (σ)).
We stress here (even though we will not deal with disordered systems in the rst part of the
work) that for the SK model it is usually expeted to onsider the quenhed average of the free
energy [8℄, however, without expliit expetation over the random oupling we mean its value
χ-almost surely in the sense of the rst Borel-Cantelli lemma.
It is useful to onsider the one body interation, of the same nature of Hamiltonian, that we all
avity eld
H ′N(σ) = −
N∑
i
χiσi.
We dene further a two parameters Boltzmannfaktor B(x, t) and a relative Gibbs measure 〈.〉(x,t)
as:
BN (x, t) = exp
(
θ(t)HN + θ(x)H
′
N
)
, (2)
〈f(σ)〉(x,t) =
∑
σ f(σ)(B(x, t))∑
σ(B(x, t))
, (3)
where θ is a inreasing funtion, vanishing at the origin, stritly dependent by the form of
interation. Eventually a magneti eld an be added in (1), and therefore in (2,3).
We dene the Guerra ation ϕ(x, t) for a mean eld model as the solution of the Hamilton-
Jaobi dierential equation
∂tϕN (x, t) +
1
2
(∂xϕN (x, t)) + VN (x, t) = 0, (4)
with suitable boundary ondition.
Furthermore the funtion u(x, t) = ∂xϕ(x, t) satises
∂tuN (x, t) + uN (x, t)∂xuN (x, t) + ∂xVN (x, t) = 0. (5)
The Guerra ation ϕN (x, t) is related to the pressure of the model AN (σ), in a way that will be
speied later, ase by ase.
Consequently even the potential funtion VN (x, t) expresses thermodynamial quantities of
the ase study (i.e. in CW and SK models we investigate, it turns out to be the self-averaging
of the order parameters).
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We will be interested throughout the paper in the region where V (x, t) = 0, when we an
always solve our equations
1
. In fat these problems are largely studied in literature far away
from statistial mehanis [4℄. In partiular some Theorems, due to Lax [10℄, are helpful, sine
under ertain hypothesis (that in a nutshell are related to the uniform onvexity of the quantity
1
2(∂xϕ(x, t))
2
), give the form of the unique solution of (4) and (5) (related by a derivation).
Following Lax we an state the next
Theorem 1. For a general dierential problem{
∂tϕ(x, t) +
1
2(∂xϕ(x, t))
2 = 0 in R× (0,+∞)
ϕ(x, 0) = h(x) onR× {t = 0}, (6)
and {
∂tu(x, t) + u(x, t)∂xu(x, t) = 0 in R× (0,+∞)
u(x, 0) = g(x) on R× {t = 0}, (7)
where h(x) is Lipshitz-ontinous, and g(x) = h′(x) ∈ L∞, it does exist and it is unique the
funtion y(x, t) : R×R+ → R suh that
ϕ(x, t) = min
y
{
t
2
(
x− y
t
)2
+ h(y)
}
=
t
2
(
x− y(x, t)
t
)2
+ h(y(x, t)) (8)
is the unique weak solution of (6), and
u(x, t) =
x− y(x, t)
t
(9)
is the unique weak solution of (7). Furthermore, the funtion x→ y(x, t) is not-dereasing.
It is worthwhile to remark that the hoie of looking for weak solution (that arises naturally
in the Lax's theorems) may look as redundant in our ase, sine we deal with physial quantities
(in general smooth funtions). Atually it prevents us from the eventual disontinuities of the
solutions of (6) and (7). However, a strong solution is a weak solution too and there is no need
to hange the essene of the Theorem.
Let us start applying this framework to the CW model.
Mean eld ferromagnet as a 1-dimensional uid
The mean eld ferromagneti model is dened by the Hamiltonian
HN (σ) = − 1
N
N∑
(i,j)
σiσj + h
N∑
i
σi.
1
We stress however that the formalism we develop an still be applied to general onstrained problems
(V (x, t) 6= 0), even though their resolutions an be prohibitive
3
It is easily seen that we have resumed in the Hamiltonian both the two body and one body
interation
2
. Thus, hoosing θ(a) = a, we an write the (x, t)-dependent Boltzmannfaktor as
BN (x, t) = exp

 t
N
N∑
(i,j)
σiσj + x
N∑
i
σi

 .
Remark 1. When dealing with the ferromagneti Boltzmannfaktor BN (x, t) above, lassial sta-
tistial mehanis is reovered of ourse, in the free eld ase, by setting t = β and x = 0.
In the same way the averages 〈.〉(x,t) will be denoted by 〈.〉 whenever evaluated in the sense of
statistial mehanis.
A fundamental role is played by the magnetization m whih we introdue as
m = lim
N→∞
mN = lim
N→∞
N∑
i
σi, 〈m〉 = lim
N→∞
∑
σmN exp(−βHN (σ))∑
σ exp(−βHN (σ))
.
Let us denote uN (x, t) the 1-dimesional veloity eld and ϕN (x, t) its dynami potential (suh
that ∂xϕ(x, t) = u(x, t)). Here the label N remembers us that the analogy is made with the
CW model with nite size N (of ourse we are interested about the thermodynami limit of the
model).
The Guerra ation an be written as
ϕN (x, t) = − 1
N
log
∑
{σN }
exp
(
t
2
Nm2N + xNmN
)
= −AN (x, t) +O
(
1
N
)
, (10)
i.e., the mean eld CW pressure (up a minus sign) [3℄, where t stands for the inverse temperature
β and x takes into aount the external magneti eld h.
Deriving (10) we get
uN (x, t) = −〈mN 〉 (x, t), (11)
the mean value of the magnetization. So our analogy is now ompleted, and we an write a
uid equation as a transport equation for uN (x, t), plus an Hamilton-Jaobi (HJ) equation for
ϕN (x, t) and a ontinuity equation, dening the (purely titious) density funtion ρ(x, t).
We notie that the Guerra ation ϕN (x, t) satises an HJ equation where the potential
funtion is the self-averaging of the magnetization. Indeed, sine we have
∂tϕN (x, t) = −1
2
〈
m2N
〉
,
and
∂2x2ϕN (x, t) = ∂xuN (x, t) = −∂x 〈mN 〉 (x, t) = −N(
〈
m2N
〉
(x, t)− 〈mN 〉2 (x, t)),
we an easily hoose the external pressure for the uid, that appears as a potential in the HJ
equation, as
VN (x, t) =
1
2
( 〈
m2N
〉
(x, t)− 〈mN 〉2 (x, t)
)
, (12)
2
In ferromagnet the avity eld oinides with the external eld
4
and we have also
− 1
2N
∂2xϕN (x, t) = VN (x, t). (13)
Finally, omputing
ϕN (x, 0) = −AN (x, 0) = − log 2− log coshx, (14)
we an build the dierential problem for our hydrodynamial potential ϕN (x, t):{
∂tϕN (x, t) +
1
2 (∂xϕN (x, t))
2 + VN (x, t) = 0 in R× (0,+∞)
ϕN (x, 0) = − log 2− log coshx on R× {t = 0}. (15)
Remark 2. We stress that by hoosing as a boundary a general point on x but t = 0 (as we did
in eq.(14)), we impliitly skipped the evaluation of the two body interation whih is, usually, the
hard ore of the statistial mehanis alulations as the one body problem trivially fatorizes.
Eq. (15) is just the Hamilton-Jaobi equation for a mehanial 1-dimensional system, with
time-dependent interations. We an write it in a more suggestive way, for exalting our hydro-
dynamial analogy. Indeed, bearing in mind (13), we have{
∂tϕN (x, t) +
1
2(∂xϕN (x, t))
2 − 12N ∂2xϕN (x, t) = 0 in R× (0,+∞)
ϕN (x, 0) = − log 2− log coshx on R× {t = 0}. (16)
This equation is more interesting than the rst one, for several reasons. At rst it is losed
with respet to the unknown funtion
3
. Furthermore it has a lear physial and mathematial
meaning: Indeed the presene of a dissipative term suggests the typial visous uid behavior,
where frition ats against the motion. The smallness of this term (that appears with a fator
N−1) ats as a mollier for our dierential problem. It may appear even learer by investigating
the equation for uN (x, t). Deriving with respet to x eq.(16) (and using standard results about
for the order of derivation) we obtain{
∂tuN (x, t) + uN (x, t)∂xuN (x, t)− 12N ∂2xuN (x, t) = 0 in R× (0,+∞)
uN (x, 0) = − tanh(x) on R× {t = 0}. (17)
This is a visous Burgers' equation, i.e. a very simple Navier-Stokes equation in one dimension.
Here the mollier term is more inisive, sine, as we will see soon, when it vanishes (i.e. in
thermodynami limit), it indues the spontaneous Z2 symmetry breaking of statistial mehanis
by making the solution u(x, t) (i.e. the magnetization) not regular in the whole (x, t) half-plane.
Lastly let us derive the ontinuity equation that should omplete our formal hydrodynamial
analogy for the ferromagneti model. We stress that it does not arry any further information
about the model, as it is all ontained in (16) and (17)). From the ontinuity equation we get
∂tρN (x, t) + uN (x, t)∂xρN (x, t) = −ρN (x, t)∂xuN (x, t)
= ρN (x, t)2NVN (x, t).
Writing
DN (x, t) = ∂t + uN (x, t)∂x =
d
ds
, (18)
3
This is atually a feature of the ferromagnets. For instane it is easily seen that it is not trivially losed for
the SK pressure beause every derivation involves dierent overlap ombination [2℄.
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the dierential operator along the stream lines, we obtain the equation for ρN
DN (x, t)ρN (x, t) = 2NVN (x, t)ρN (x, t), (19)
solved by
ρN (x, t) = ρN (0, 0)e
2N
R
dsV (x(s),t(s))
(20)
that is
ρN (x, t) =
1
2N
∑
{σ}
exp
[
Ntm2N +NxmN
]
= ZN (2t, x). (21)
Resuming, mean eld ferromagnets of nite sizeN is ompletely equivalent to the 1-dimensional
visous uid desribed by equations{
∂tuN (x, t) + uN (x, t)∂xuN (x, t)− 12N ∂2x2uN (x, t) = 0
DN (x, t)ρN (x, t) = 2NVN (x, t)ρN (x, t),
and in thermodynami limit, to an Eulerian uid, suh that{
∂tu(x, t) + u(x, t)∂xu(x, t) = 0
ρ(x, t)−1D(x, t)ρ(x, t) = 0.
We would like now to link the nite dimensional model with its thermodynami limit, i.e. the
visous uid with the invisid one. It is onsequently useful to study the free problem{
∂tϕ(x, t) +
1
2(∂xϕ(x, t))
2 = 0 in R× (0,+∞)
ϕ(x, 0) = − log 2− log cosh x on R× {t = 0}, (22)
and {
∂tu(x, t) + u(x, t)∂xu(x, t) = 0 in R× (0,+∞)
u(x, 0) = − tanhx on R× {t = 0}. (23)
With this purpose we an use Theorem 1.
Remark 3. We stress that via Theorem (1) hanging the boundary ondition is equivalent to
modify the nature of the spin variables in the ferromagneti model. Sine the ondition on H is
Lipshitz-ontinuity, suh a theorem is valid for every distribution of spin variables with ompat
support, but not for example for Gaussian ones (at least trivially). We let for future works further
investigations [6℄. Hereafter anyway we will deal with only dihotomi variables.
With h(y) = − log 2− log cosh y, y = x− tu(x, t) (given by (9)), we nd
ϕ(x, t) =
t
2
u(x, t)2 − log 2− log cosh (x− tu(x, t)) ,
and bearing in mind ϕ = −A and u = −〈m〉, by setting t = β and x = h, we gain the usual free
energy for mean eld ferromagnet
f(β, h) = − 1
β
A(β, h) =
1
β
ϕ(β, h) =
1
β
{
β 〈m〉2
2
− log cosh β (h+ 〈m〉)− log 2
}
,
where of ourse 〈m〉 is the limiting value for the magnetization, as we are going to show. We only
have to prove onvergene for dierential problems (16) and (17) to the free ones, respetively
(22) and (23). Let us start with the former by stating the following
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Theorem 2. The funtion
ϕN (x, t) = − 1
N
log
[√
N
t
∫ +∞
−∞
dy√
2π
exp−N
(
(x− y)2
2t
− log 2− log cosh y
)]
(24)
solves the dierential problem (6), and it is
|ϕN (x, t)− ϕ(x, t)| ≤ O( 1
N
). (25)
Proof In order to nd a solution of (22), we put
4
φN (x, t) = e
−NϕN (x,t).
After a few alulations
∂tφN (x, t) =
1
2
NφN (x, t)(∂xϕN (x, t))
2 − 1
2
φN (x, t)∂
2
x2ϕN (x, t)
=
1
2N
∂2x2φN (x, t),
(26)
we see that φ(x, t) solves the heat equation with ondutivity 12N (and a suitable boundary
ondition): {
∂tφN (x, t)− 12N ∂2x2φN (x, t) = 0 in R× (0,+∞)
φN (x, 0) = 2
−N cosh−N x on R× {t = 0}. (27)
The unique bounded solution of (27) is
φN (x, t) =
√
N
t
∫ +∞
−∞
dy√
2π
exp
(
−N
((x− y)2
2t
− log 2− log cosh y
))
and, bearing in mind ϕN = − 1N log φN , we have
ϕN (x, t) = − 1
N
log
[√
N
t
∫ +∞
−∞
dy√
2π
exp
(
−N
((x− y)2
2t
− log 2− log cosh y
))]
.
We notie that, sine the uniqueness of the minimum of the funtion in the exponent (allowed
by Theorem (1)), we easily get ϕN → ϕ when N →∞.
Finally bounds on the error an be made via standard tehniques. 
We must now prove an analogue result for the veloity eld u(x, t). Sine the equations
for ϕ(x, t) and u(x, t) are trivially related by a derivation, it is lear that uN (x, t) → u(x, t)
uniformly in the thermodynami limit. Anyway for the sake of ompleteness (and as a guide for
testing other models) we state the following
4
This is usually known as the Cole-Hopf transform [4℄.
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Theorem 3. The funtion
uN (x, t) =
∫ +∞
−∞
dy√
2pi
x−y
t
exp
(
−N
(
(x−y)2
2t − log 2− log cosh y
))
∫ +∞
−∞
dy√
2pi
exp
(
−N
(
(x−y)2
2t − log 2− log cosh y
))
(28)
solves the dierential problem (23) and it is
|uN (x, t)− u(x, t)| ≤ O
(
1√
N
)
. (29)
Proof The (28) is easily obtained by diret derivation of ϕN in (24).
Again the bound on the error is made via standard tehniques. 
Finally we an state the subsequent
Corollary 1. It is VN (x, t) ≤ O( 1N ) a. e..
Proof For the two previous theorems we have
ϕN (x, t) = ϕ(x, t) +O(
1
N
),
thus
∂tϕN = ∂tϕ+O(
1
N
)
and
(∂xϕN )
2 = (∂xϕ)
2 +O(
1
N
),
and therefore, using the Hamilon-Jaobi equation (15) for ϕN , we nd
∂tϕ+
1
2
(∂xϕ)
2 +O(
1
N
) + VN = 0,
that implies the thesis.
What we meant for a.e." is atually the whole (x, t) positive half-plane, but the line dened
by (x = 0, t > 1) as will be well explained in the next setion.
Shok waves and spontaneous symmetry breaking
In this setion we study more deeply the properties of equation (23). This is an invisid Burgers'
equation, and again we an have a representation of solutions as harateristis [4℄. We get
u(x, t) = − tanh(x− u(x, t)t) (30)
i.e the well known self onsistene relation for the CW model, with trajetories (parameterized
by s ∈ R) {
t = s
x = x0 − s tanhx0. (31)
We an immediately state the subsequent
8
Proposition 1. In the region of the plane (x, t), dened by
x ≥ −
√
t(t− 1) + ar tanh
(√
t− 1
t
)
for x0 ≥ 0
and
x ≤ −
√
t(t− 1) + ar tanh
(√
t− 1
t
)
for x0 ≤ 0
trajetories (31) have no intersetion points.
Remark 4. This last statement denes the onset of ergodiity breaking in the statistial mehan-
is of the CW model.
Proof Set for instane x0 ≥ 0.
One xed s = s¯ let us investigate the position at time s¯ as a funtion of the starting point
x0. We have
x(x0) = x0 − s¯ tanhx0.
If x(x0) is monotone with respet to x0, then ∀x0 ∈ R ∃!x(t), i.e for every starting point there
is an unique position at time t. In other words, two trajetories born in dierent points of the
boundary annot, at the same time, assume the same position (do not interset). Hene we have
x′(x0) = 1− s¯(1− tanh2 x0) ≥ 0 ∀x0,
only if
s¯ ≤ 1
1− tanh2 x0
,
as 1− tanh2 x0 always belongs to [0, 1]. The last formula implies
x0 ≥ ar tanh
(√
t− 1
t
)
,
and bearing in mind the form of trajetories (31) we get
x ≥ ar tanh
(√
t− 1
t
)
−
√
t(t− 1). (32)
The proof is analogue for x0 ≤ 0. 
We must notie that the previous proposition gives the region of the (x, t) plane in whih the
invertibility of the motion fails. On the other hand, every trajetory has its end point at the
intersetion with the x-axes, or are all merged in a unique line, that is (x = 0, t > 1).
More rigorously, the urve (x = 0, t > 1) is a disontinuity line for our solution, sine it is
easily seen that every point of suh a line is an intersetion point of the trajetories (31). Also
we an get by (30) with diret alulation
∂xu(x, t) = − 1− u
2
1 + t(1− u2) < 0, (33)
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i.e. the veloity eld is stritly dereasing along x diretion5.
Now we name u+ the limiting value from positive x, and u− the one from negative x, and state
the following
Proposition 2. It is 0 < u− = −u+ < 0 for a.e. t > 1.
Proof The urve of disontinuity an be parameterized as{
t > 1
x = 0,
so has zero speed. We have that ∀ t ≥ 0 does exist a neighbors I of (x = 0) suh that u(x, t) is
smooth on I. Thus, sine we know that our u(x, t) is an integral solution, we an use Rankine-
Huginiot ondition [4℄ to state
u2+ = u
2
−.
Sine for (33) it has to be u+ < u− the assert is proven.
Remark 5. We stress that the relation u2+ = u
2−, in this ontext, mirrors the spin-ip symmetry
shared by the two minima of the CW model in the broken ergodiity phase, i.e. |+〈m〉| = |−〈m〉|.
It follows that (x = 0, t > 1) is a shok line for the Burgers' equation (23).
On the other hand, of ourse, x = 0 is an equilibrium point for the system, sine we have
that both position and veloity are zero.
Remark 6. This property is translated in statistial mehanis to the trivial ase of CW model
without neither a vanishing external eld, suh that spontaneous magnetization an never happen.
We an use it for exploring the well known mehanism of spontaneous symmetry breaking.
With this purpose, let us move on a family of straight lines of equation
x = ǫt− ǫ.
We have innitely many lines, all onverging in (0, 1), that interset the x-axes in −ǫ. Let us
hoose for example ǫ > 0, and perform the limit of u(x, t) on the shok line taking the value of
u(x, t) by these, and then sending ǫ→ 0. Sine −ǫ is negative, the intersetion point with t = 0
is approahing 0 from the left (x−), meanwhile the limit of u is taken from the right (u+). In
the same way we have that when the intersetion point approah to zero from right (x+), the
limiting value of u is taken from left (u−).
Remark 7. In our analogy with statistial mehanis one an make the substitution u(x, t) =
−〈m〉 (h, β), and t = β, x = hβ, getting the spontaneous symmetry breaking mehanism, in suh
a way that limh→0±〈m〉(h, β) = m±.
5
This is a partiular ase of a more general property of the Lax-Oleink solution [10℄, named entropy ondition,
that ensures u(x, t) never inreases along x. We won't give the general form, that is redundant in this ontest,
but an be very useful in studying generalized ferromagnet [6℄.
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Conservation laws
We an rewrite the (15) from a mehanial point of view as
∂tϕN (x, t) +HN(∂xϕN (x, t), x, t) = 0
and the Hamiltonian funtion reads o as
6
HN(∂xϕN (x, t), x, t) =
p2(x, t)
2
+ VN (x, t). (34)
Hamilton equations are nothing but harateristis of equation (15):

x˙ = uN (x, t)
t˙ = 1
p˙ = −uN (x, t)∂xuN (x, t) − ∂xVN (x, t)
E˙ = −uN (x, t)∂x (∂tϕN (x, t)) − ∂tVN (x, t),
(35)
the latter two equations express the onservation laws for momentum and energy for our system,
and an be written in form of streaming equations as{
DNuN (x, t) = −∂xVN (x, t)
DN (∂tϕN (x, t) = −∂tVN (x, t).
Sine in thermodynami limit the system approahes a free one, bearing in mind that uN (x, t) =
−〈mN 〉 and ∂tϕN (x, t) = −12
〈
m2N
〉
, so DN = ∂t − 〈mN 〉 ∂x, for N →∞ we onlude{
DN 〈mN 〉 = 0
DN
〈
m2N
〉
= 0,
(36)
i.e. { 〈
m3N
〉− 3 〈mN 〉 〈m2N〉+ 2 〈mN 〉3 = O( 1N )
(
〈
m4
〉− 〈m2〉2)− 2 〈m〉 〈m3〉+ 2 〈m〉2 〈m2〉 = O( 1
N
).
(37)
We have from Corollary 1 that
〈
m2
〉
= 〈m〉2 + O( 1
N
) everywhere but on the line (x = 0, t >
1), where anyway 〈m〉 = 0. It is possible to write down a relation that follows from energy
onservation: where the potential vanishes, using momentum onservation, giving
〈
m3
〉
= 〈m〉3+
O( 1
N
), we get 〈
m4
〉− 〈m2〉2 = O( 1
N
).
Otherwise when the potential is dierent from zero
7
we have 〈m〉 = 0, thus the previous formula
is still valid, and it holds in all the (x, t) half-plane.
Remark 8. This is of ourse a Ghirlanda-Guerra relation [7℄ for the CW model (i.e. it expresses
self-averaging of the internal energy density). As a ounterpart, the bare momentum onservation
implies the rst Aizenman-Contui [1℄ relation for
〈
m3
〉
.
Remark 9. It is interesting to remark that the orbits of the Nöther groups of the theory oinide
with the streaming lines of our uid, and onservation laws along these lines give well known
identities in the statistial mehanis of the model.
6
here we name p our veloity u, i.e. the veloity eld oinides with the generalized time dependent momentum
7
Anyway it is a zero measure set.
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The Replia Symmetri phase of the Sherringon-Kirkpatrik model
Despite the main goal when dealing with omplex systems is a lear senario of the Broken
Replia Phase, whih, in our languages translates into solving visous problems as VN (x, t) 6= 0
(and it is posted to future investigations), a detailed analysis of the replia symmetri regime is
however immediate within this framework, as pioneered in [8℄.
The Sherrington-Kirkpatrik Hamiltonian is given by
HN = − 1√
N
∑
(i,j)
Jijσiσj + h
∑
i
σi,
where Jij are i.i.d entered Gaussian variables, with E[Jij] = 0 and E[J
2
ij ] = 1.
Following [8℄ we introdue the partition funtion
ZN (x, t) =
∑
{σ}
exp

√ t
N
∑
(i,j)
Jijσiσj +
√
x
∑
i
Jiσi + βh
∑
i
σi

 .
Aordingly with the normalization fator 1/
√
N of the model, we hoose θ(a) =
√
a; it is
important to stress that dierently to the ferromagneti model, the avity eld with strength
√
x
does not oinide with the magneti eld h, that entries in the Boltzmannfaktor as an external
parameter. Thus our results will hold for every value of h.
The main dierene, when introduing thermodynamial quantities (as the free energy) is in
an overall average over the random quenhed ouplings enoded in the interation matrix. In
this sense the averages 〈.〉 now stand both for the Boltzmann averages (denoted by ω hereafter
when dealing with a single set of phase spae onguration, Ω = ω×ω× ...×ω when dealing with
several replias of the system) and for the averages over the oupling (denoted by E hereafter),
suh that 〈.〉 = EΩ(.).
The Guerra ation for the SK model reads o as
ϕN (x, t) = 2AN − t
2
− x. (38)
So it has, one introdued the two replia overlap as q12 = N
−1∑N
i σ
(1)
i σ
(2)
i ,
∂tϕN = 2∂tAN − 1
2
= −1
2
〈
q212
〉
(39)
∂xϕN = 2∂xAN − 1 = −〈q12〉 . (40)
Mirroring the mean eld ferromagnet, also in this glass model the interation fatorizes at t = 0,
and, one set Eg =
1√
2pi
∫ +∞
−∞ dge
− g2
2
, we have
ϕN (x, 0) = 2A
SK
N (x, 0)− x = 2 log 2 + 2Eg log cosh(βh+ g
√
x)− x.
The last formula, together with (39, 40) allows to build the HJ equation for ϕN (x, t){
∂tϕN (x, t) +
1
2(∂xϕN (x, t))
2 + VN (x, t) = 0 in R× (0,+∞)
ϕN (x, 0) = 2 log 2 + 2Eg log cosh(βh+ g
√
x)− x on R× {t = 0}, (41)
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with
VN (x, t) =
1
2
(〈
q212
〉− 〈q12〉2) . (42)
In omplete generality, this is an equation more ompliated than the ferromagneti one:
Reeting the omplex struture of the RSB phase, the losure of the equation an be obtained
only via umulant expansions of the overlaps in terms of higher order orrelation funtions [2℄,
i.e the potential has no trivial expression in terms of ϕN derivatives. We will study this equation
in the Replia Symmetri phase, that is where, in the (x, t, h) domain, limN VN = 0.
The veloity eld, aordingly with (40), is
uN (x, t) = −〈q12〉 (x, t)
and satises the transport equation{
∂tuN (x, t) + uN (x, t)∂xuN (x, t) + ∂xVN (x, t) = 0 in R× (0,+∞)
uN (x, 0) = −Eg tanh2(βh+ g
√
x) on R× {t = 0}. (43)
Remark 10. We stress that naturally in our approah the hyperboli tangent of the CW model
has been mapped into the squared hyperboli tangent in the SK ase, exatly as it happens in
statistial mehanis, reeting the role of the overlap as a proper order parameter with respet
to the magnetization.
Replia symmetry apart, the harateristi trajetories of (43) are not in general straight
lines, beause of the presene of the potential. We an give an expression for them:{
t = s
x = x0 − sEg tanh2(βh+ g√x0)−
∫ s
0 ds
′∂xVN (x(s), t(s)).
(44)
and solving for u
uN (x, t) = −Eg tanh2(βh+ g
√
x0(x, t))−
∫
ds∂xVN (x(s), s), (45)
where we get x0(x, t) inverting the seond among (44).
This is the analogous of the Guerra sum rule for the order parameter q8, stating that the
dierene among the true order parameter and the RS one is the line integral of the x derivative
of VN along trajetories.
Reduing our attention to the RS phase of the model, we get the free HJ equation{
∂tϕRS(x, t) +
1
2(∂xϕRS(x, t))
2 = 0 in R× (0,+∞)
ϕRS(x, 0) = 2 log 2 + 2Eg log cosh(βh + g
√
x)− x on R× {t = 0}, (46)
and Burger's equation{
∂tuN (x, t) + uN (x, t)∂xuN (x, t) = 0 in R× (0,+∞)
uN (x, 0) = −Eg tanh2(βh+ g
√
x) on R× {t = 0}. (47)
8
Atually Guerra relation may be obtained thought an integration of (45).
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We are now in perfet agreement with the hypothesis of Theorem (1). Therefore we an write
the Replia-Symmetri Guerra ation, in the thermodynami limit, as
ϕRS(x, t) =
t
2
(
x− y(x, t)
t
)2
+ log 2 + Eg log cosh(βh+ g
√
y(x, t))− y(x, t), (48)
and, naming the veloity eld of the free problem −q¯(x, t), we trivially get from (45) the self-
onsistene equation
q¯(x, t) = Eg tanh
2(βh+ g
√
x+ tq¯(x, t)), (49)
and the trajetories are {
t = s
x = x0 − sEg tanh2(βh + g√x0). (50)
Remark 11. We stress that eq. (49) is exatly the self-onsistent equation for the SK model
order parameter in the replia symmetri ansatz.
Furthermore the minimization point y(x, t) is usually given by
y(x, t) = x+ tq¯(x, t).
Proposition 3. For values of t, x and βh suh that
tEg
[
1
cosh4 (βh+ g
√
x+ q¯t)
]
≤ 1
3
+
2
3
tEg
[
1
cosh2 (βh+ g
√
x+ q¯t)
]
, (51)
trajetories (50) have no intersetion points. In partiular the whole region with x ≥ 0 and t ≥ 0
is inluded in (51).
Remark 12. We notie that the (51) gives the form of the austis for the (x, t) motion, i.e.
tEg
[
1
cosh4 (βh+ g
√
x+ q¯t)
]
=
1
3
+
2
3
tEg
[
1
cosh2 (βh+ g
√
x+ q¯t)
]
and in this sense ompletes the theorem given in [8℄.
Proof The proedure is just the same used in Proposition 1. Starting from (50), we put
x(x0) = x0 − tEg tanh2 (βh+ g√x0) ,
i.e. the position depending by initial data, and let's study its monotony. Given the trajetories,
it is lear that, whereas there is no intersetion, x(x0) must be inreasing, thus
∂x0x(x0) = 1− tEg∂x0 tanh2 (βh+ g
√
x0) ≥ 0,
(of ourse we an swap derivatives and Gaussian integral). So we have
tEg∂x0 tanh
2 (βh+ g
√
x0) ≤ 1. (52)
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Now
Eg∂x0 tanh
2 (βh+ g
√
x0) =
1√
x0
Eg
[
g
tanh
(
βh+ g
√
x0
)
cosh2
(
βh+ g
√
x0
)
]
=
1√
x0
Eg
[
∂g
tanh
(
βh+ g
√
x0
)
cosh2
(
βh+ g
√
x0
)
]
= Eg
[
1
cosh4
(
βh+ g
√
x0
)
]
− 2Eg
[
tanh2
(
βh+ g
√
x0
)
cosh2
(
βh+ g
√
x0
)
]
= 3Eg
[
1
cosh4
(
βh+ g
√
x0
)
]
− 2Eg
[
1
cosh2
(
βh+ g
√
x0
)
]
where we have used the well known formula for Gaussian expetation Eg [gF (g)] = Eg [∂gF (g)].
At this point, putting the last expression in (52) we gain the (51). 
We an nally give the form of the Sherrington-Kirkpatrik solution for the pressure of the
model [9℄[11℄. It is
ARS(β) = ARS(0, β
2)
=
1
2
ϕRS(0, β
2) +
β2
4
= log 2 + Eg log cosh(βh+ gβ
√
q¯) +
β2
4
(1− q¯)2 . (53)
Conservation laws
In the same way we did for the CW model, we an get relation among overlap from momentum
and energy onservation laws, holding in RS regime. It is remarkable that the vanishing, in
thermodynami limit, of an overlap polynomial is assoiated to a Nöther streaming of mehanial
quantities.
With the aim of deepen this last paragraph, let us stating the following
Lemma 1. Given F (σ1...σs) as a smooth, well behaved funtion of s replias, we have
D 〈F 〉 = N
2
〈
F

 s∑
a≤b
q2ab − s
s∑
a
q2a,s+1 +
s(s+ 1)
2
q2s+1,s+2

〉
The proof of this lemma works via a long and diret alulation, and we will not report it
here [2℄[8℄.
We stress that the linearity of D implies all our relations approah zero as O (1/N).
We have, in general, that onservation laws for momentum and energy are given by the
streaming equation
DN 〈q12〉 = −∂xVN (x, t) (54)
DN
〈
q212
〉
= −2∂tVN (x, t). (55)
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Of ourse in RS phase, the right hand term of (54) and (55) vanishes when N → ∞. Although
suh an approah does not give any information about the way they vanish in thermodynami
limit (we an always write it is o(1)), we an write down our relation without problems, sine
the presene of D fores them to be at least O(1/N). Expliitly we get
N
〈
q312 − 4q12q223 + 3q12q234
〉−N 〈q12〉 〈q212 − 4q12q23 + 3q12q34〉 = o(1)
N
〈
q412 − 4q212q223 + 3q212q234
〉−N 〈q12〉 〈q312 − 4q12q223 + 3q12q234〉 = o(1),
i.e. onservation of momentum and energy along the streaming lines of the systems (or along
free trajetories (50)) implies that in the RS regime
〈
q312 − 4q12q223 + 3q12q234
〉
(x,t)
− 〈q12〉(x,t)
〈
q212 − 4q12q23 + 3q12q34
〉
(x,t)
≤ O
(
1
N
)
〈
q412 − 4q212q223 + 3q212q234
〉
(x,t)
− 〈q12〉(x,t)
〈
q312 − 4q12q223 + 3q12q234
〉
(x,t)
≤ O
(
1
N
)
.
Combining the previous results, we get a third relation
〈
q412 − 4q212q223 + 3q212q234
〉
(x,t)
− 〈q12〉2
〈
q212 − 4q12q23 + 3q12q34
〉
(x,t)
≤ O
(
1
N
)
, (56)
whih, in partiular we nd physially meaningful, when setting x = 0 and t = β2, beause
the replia symmetri assumption on the vanishing of the potential is learly reeted into the
overlap labels in the last identity.
If now we neglet the magneti eld (h = 0), as we are in the replia symmetri regime, the
gauge symmetry holds suh that the SK Hamiltonian is left invariant under the transformation
σ → σσ¯, σ¯ being a dihotomi variable out from the N -spin Boltzmann average. Mathing [2℄
and [8℄ in fat it is straightforward to hek that gauging the energy onservation we get (again
we stress that it holds only at h = 0, and obviously at t = β2 e x = 0)
(1− 〈q212〉) 〈q412 − 4q212q223 + 3q212q234〉 ≤ O
(
1
N
)
and onsequently 〈
q412 − 4q212q223 + 3q212q234
〉 ≃ O( 1
N
)
,
obtaining the well known relation onstraining overlaps [1℄[2℄.
Conlusions and outlook
In this work we built a self-onsistent method to solve for the thermodynamis of mean eld
systems, enoded by self-averaging order parameters.
Suh a method minimally relies on statistial mehanis, essentially just on the boundary
onditions of our partial dierential equations, and however, involves just straightforward one-
body problems.
Within our approah, that we tested on the Curie-Weiss prototype, we obtained the expliit
expression for the free energy as a solution of an Hamilton-Jaobi equation dened on a 1 + 1
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Eulidean spae time, whose veloity eld obeys a suitably dened Burger's equation in the same
spae.
The ritial line dening ergodiity breaking is obtained as a shok wave for a properly dened
Cauhy problem. The behavior of the magnetization, thought of as this veloity eld, both in
the ergodi and in the broken ergodiity phases have also been obtained rigorously.
As instruments involved in our derivation, we obtained rigorously also the existene of the
thermodynami limit for the free energy and the self-averaging of the order parameter.
Despite the problems in relating onserved quantities and disrete symmetries, in our on-
tinuous framework, Noether theory is straightforwardly appliable and gives the well known
fatorization of the momenta of the order parameter, as expeted, being the Curie-Weiss a mean
eld model.
Furthermore we applied the method even to the replia symmetri phase of the Sherrington-
Kirkpatrik model, founding full agreement with Guerra's results and stressing other points as
the study of the austis (whih shares some similarities with the AT line) and the study of the
symmetries, whih turn out to be polynomial identities, typial of omplex systems (rst of all
the Aizenman-Contui relations).
We emphasize that, atually, we believe the method working for a large range of models
(i.e. with general interating variables as spherial spins, et), several interating spins as P-spin
models, et...). However, of ourse, it is still not enlarged to over the ase of not self-averaging
order parameters (whih is mathematially hallenge even with already strutured methods).
Furthermore a ertain interest should be payed trying to apply the method to nite dimen-
sional problems.
We plan to report soon on these topis and their possible appliations.
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